Abstract. In Theorem 3.1 of [12], we proved a rigidity result for self-shrinkers under the integral condition on the norm of the second fundamental form. In this paper, we relax the such bound to any finite constant (see Theorem 4.4 for details).
Introduction
Self-similar solutions for mean curvature flow play a key role in the understanding the possible singularities that the flow goes through. Self-shrinkers are type I singularity models of the flow. Huisken made a pioneer work on self-shrinking solutions of the flow [22, 23] . Colding and Minicozzi [8] gave a comprehensive study for self-shrinking hypersurfaces and solve a long-standing conjecture raised by Huisken.
Colding-Ilmanen-Minicozzi [9] showed that cylindrical self-shrinkers are rigid in a very strong sense. Namely, any other shrinker that is sufficiently close to one of them on a large, but compact set must itself be a round cylinder. See [25] by Guang-Zhu for further results. Lu Wang in [37, 38] proved strong uniqueness theorems for self-shrinkers asymptotic to regular cones or generalized cylinders of infinite order.
For Bernstein type theorems, Ecker-Huisken [17] and Wang [36] showed the nonexistence of nontrivial graphic self-shrinking hypersurfaces in Euclidean space. For 2 ≤ n ≤ 6, Guang-Zhu showed that any smooth complete self-shrinker in R n+1 which is graphical inside a large, but compact, set must be a hyperplane. Ding-Xin-Yang [14] studied the sharp rigidity theorems with the condition on Gauss map of self-shrinkers. In high codimensions, see [2, 3, 10, 13, 26] for more Bernstein type theorems.
Le-Sesum [30] showed that any complete embedded self-shrinking hypersurface with polynomial volume growth must be a hyperplane provided the squared norm of the second fundamental form |B| 2 < 1 2 . Cao-Li [1] showed that any complete self-shrinker (with high codimension) with polynomial volume growth must be a generalized cylinder provided |B| 2 ≤ 1 2 . Later, Cheng-Peng [5] removed the condition of polynomial volume growth in the case of |B| 2 < 1 2 (See [4, 6, 12, 42] for more results on the gap theorems of the norm of the second fundamental form). In [12] , Ding-Xin proved a rigidity result for self-shrinkers if the integration of |B| n is small. In this paper, we improve the small constant to any finite constant.
For a complete properly immersed self-shrinker Σ n ⊂ R n+1 , Ilmanen showed that there exists a cone C ⊂ R n+1 with the cross section being a compact set in S n such that λΣ n → C as λ → 0 + locally in the Hausdorff metric on closed sets (see [28] Lecture 2, B, remark
The author would like to thank Yuanlong Xin for his interest in this work. He is supported partially by NSFC. on p.8). In [35] , Song gave a simple proof by "maximum principle for self-shrinkers". For high codimensions, with backward heat kernel (see [8] ) we show the uniqueness of tangent cones at infinity for self-shrinkers with Euclidean volume growth in the current sense with the condition on mean curvature(see Theorem 3.3).
ǫ-regularity theorems for the mean curvature flow have been studied by Ecker [15, 16] , Han-Sun [19] , Ilmanen [27] , Le-Sesum [29] . Now we use the one showed by Ecker [16] starting from self-similar solutions, and obtain the curvature estimates for self-shrinkers, see Theorem 4.2. Combining Theorem 3.3, Theorem 4.2 and backward uniqueness for parabolic operators [21] , we can show that self-shrinkers with finite integration on |B| n must be planes, which improves a previous rigidity theorem in [12] . A litter more, we obtain the following Theorem. Theorem 1.1. Let M be an n-dimensional properly non-compact self-shrinker with compact boundary in R n+m , B denote the second fundamental form of M . If
then M must be an n-plane through the origin.
Preliminary
Let M be an n-dimensional C 2 -submanifold in R n+m with the induced metric. Let ∇ and ∇ be the Levi-Civita connections on M and R n+m , respectively. We define the second fundamental form B of M by
, where the mean curvature vector H of M is given by H = trace(B) = n i=1 B(e i , e i ), where {e i } is a local orthonormal frame field of M . In this paper, M n is said to be a self-shrinker in R n+m if its mean curvature vector satisfies
where X = (x 1 , · · · , x n+m ) ∈ R n+m is the position vector of M in R n+m , and (· · · ) N stands for the orthogonal projection into the normal bundle N M . Let (· · · ) T denote the orthogonal projection into the tangent bundle T M .
We define a second order differential operator L as in [8] by
for any f ∈ C 2 (M ). Let ∆ be the Laplacian of M , then for self-shrinkers,
In [8] , Colding and Minicozzi defined a function F X 0 ,t 0 for self-shrinking hypersurfaces in Euclidean space. Obviously, hypersurfaces can be generalized to submanifolds naturally in this definition. Set Φ t ∈ C ∞ (R n+m ) for any t > 0 by
For an n-complete submanifold M in R n+m , we define a functional F t on M by
where dµ is the volume element of M . Sometimes, we write F t for simplicity if no ambiguous in the text. If a self-shrinker is proper, then it is equivalent to that it has Euclidean volume growth at most by [7] and [11] . We shall only consider proper self-shrinkers in the following text.
Now we use the backward heat kernel to give a monotonicity formula for self-shrinkers with arbitrary codimensions, which is essentially same as self-shrinking hypersurfaces established by Colding-Minicozzi in [8] .
Lemma 2.1. For any 0 < t 1 ≤ t 2 ≤ ∞, each complete immersed self-shrinker M n with boundary ∂M (may be empty) in R n+m satisfies
Proof. We differential F t (M ) with respect to t,
A straightforward calculation shows (see also [11] )
where the third equality above uses the self-shrinkers' equation (2.1). Then (2.6)
where ν ∂M is the normal vector of ∂M in Γ(T M ). Then we complete the proof by integration from t 1 to t 2 .
The above Lemma implies G t (M ) ≤ 0 for each self-shrinker and t ≥ 1. If ∂M is bounded and has finite (n − 1)-dimensional Hausdorff measure, then the limit
always exists, and is a finite negative number. Hence, it's clear that lim t→∞ F t (M ) exists.
Uniqueness of tangent cones at infinity for self-shrinkers
For any n-rectifiable varifold V ⊂ R n+m with multiplicity one, we define a functional Ξ t by
4t dµ V for any t > 0, where µ V is a measure on R n+m associated with the Radon measure of V in R n+m × G(n, n + m).
We suppose that M is a self-shrinker in R n+m \ B R with boundary ∂M ⊂ ∂B R for some R ≥ 1 and H n−1 (∂M ) < ∞. Let φ ∈ C 1 (R n+m \ {0}) be a homogeneous function of degree zero. Namely, for any 0 = X ∈ R n+m ,
Taking the derivative of Ξ t (M, φ) on t gets (3.3)
dµ.
Combining X · ∇φ = 0, we have
There is a constant c 0 > 0 depending only on M such that for all r > 0
where c 1 is a constant depending only on n, c 0 . Therefore
Theorem 3.1. Let M be an n-dimensional self-shrinker in R n+m with Euclidean volume growth and boundary ∂M ⊂ ∂B R . If
then there is a sequence t i → ∞ such that
converges to a cone C in R n+m .
Proof. By co-area formula, we can choose R ′ > 0 so that
Denote φ and Ξ t (M, φ) as above. Set µ t be the volume element of M t . Since
Note that G t (M ) does not change sign for t > 1. Fixing 0 < r < R < ∞, from (3.7) we have
for all t i with rt i ≥ 2. Since (3.12)
and lim t→∞ F t exists, we obtain
Hence (3.14)
is independent of t ∈ (0, ∞).
n for some constant c 2 > 0 and all r > 0. By the following lemma for V (r) = T ∩Br φ dµ T , we conclude that
is a constant independent of r. An analog argument as the proof of 19.3 in [34] implies that T is a cone.
Lemma 3.2. Let V (r) be a monotone nondecreasing continuous function on [0, ∞) with V (0) = 0 and V (r) ≤ c 3 r n for some constant c 3 > 0. If the quantity
is a constant for any t > 0, then r −n V (r) is a constant.
Proof. There are constants κ 0 , κ 1 > 0 such that for all t > 0 (3.17)
Integrating by parts implies
Suppose that there is a constant r 0 > 0 such that V (r 0 ) − κ 1 r n 0 > 0 (Or else we complete the proof by (3.19)). Then there is a 0 < δ < r 0 2 and ǫ > 0 such that V (r) − κ 1 r n ≥ ǫ for all r ∈ (r 0 − δ, r 0 + δ). Set t p = 
In fact, 
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Combining the above inequality, we get 
Hence we have shown (3.20) .
For p > 1, 
Taking the derivative of t in (3.19) yields
t dr = 0 for any t > 0 and k = 0, 1, 2 · · · . If we choose p = 2k + 1, r 2 0 > e, t p = 2 p r 2 0 in (3.25), then we get the contradiction provided k is sufficiently large. Hence V (r) − κ 1 r n ≡ 0. Theorem 3.3. Let M be an n dimensional smooth self-shrinker with Euclidean volume growth and boundary ∂M ⊂ ∂B R in R n+m . If (3.8) holds, then the limit lim r→∞ r −1 M exists and is cone, namely, the tangent cone at infinity of M is a unique cone. for some homogeneous function φ ∈ C 1 (R n+m \ {0}) with degree zero. Then there exist two sequences p i → ∞ and q i → ∞ such that
By compactness of varifolds and Theorem 3.1, there exist two cones C 1 , C 2 in R n+m with integer multiplicities and subsequences p k i of p i and q k i of q i such that M p k i ⇀ C 1 and M q k i ⇀ C 2 in the sense of Radon measure. So we have (3.30)
which implies (3.31)
by co-area formula.
From the previous argument, the limit
exists. It infers that (3.33)
However, (3.33) contradicts (3.31). Hence, the claim (3.27) holds.
If lim i→∞ r
i M ⇀ C − and C + = C − are cones, then from (3.33) one has (3.34)
for every homogeneous function φ ∈ C 1 (R n+m \ {0}) with degree zero. It's clear that (3.35)
Arbitrariness of φ implies C + = C − . Therefore, the tangent cone at infinity of M is a unique cone.
A rigidity theorem for self-shrinkers
Let us recall an ǫ-regularity theorem for mean curvature flow showed by Ecker (A litter different from Theorem 1.8 in [16] ). 
For completeness, we give the proof in appendix which is based on Ecker's proof. Let us consider the mean curvature flow in Theorem 4.1 which starts from a self-shrinker. Let M be a self shrinker, then the one-parameter family M t = √ −tM is a mean curvature flow for −4 ≤ t < 0. In this case, (4.3)
For any − 1 4 < t 0 < 0 and
Now we have the following curvature estimates for self-shrinkers.
Theorem 4.2. Let M be an n dimensional proper self-shrinker in R n+m . If for some p ∈ [n, n + 2) there is
then there exist constants c, r 0 > 0 such that for all r ≥ r 0 and t > 4 we have
Proof. For any ǫ > 0, there exists a constant r 0 ≥ 2 such that for any r 1 ≥ r 0 we have
For any vector X 0 ∈ R n+m with |X 0 | ≥ 2r 1 + 2, it's clear that
Let X ∈ √ −tM with |X| ≥ 2r 1 + 2 and t < 0, then
In view of (4.3), one has (4.9) I X,t ≤ sup
Since for each fixed α ∈ (0, 1] and each s ≥ 1,
So we obtain (4.11) I X,t ≤ 2 2 + n − p sup
ǫ 0 , |X| ≥ 2r 1 + 2 and − 1 4 < t < 0, then combining (4.5) we have
|B| for any r ≥ r 1 and t > 2. This suffices to complete the proof. For any r > 0, let q ∈ N with 2 q ≤ r < 2 q+1 . By (4.14), there is a constant c > 0 such that This is impossible for the sufficiently small ǫ 0 . Hence we complete the proof of Theorem 4.1.
